
Neuroimaging Sta.s.cs for 
Popula.on Scale Data:

Effec.ve DF for Pearson’s r, &
Confidence Sets

feat. Soroosh Afyouni
University of Cambridge

Thomas E. Nichols
Big Data Ins+tute, 

Li Ka Shing centre for Health Informa+on and Discovery, 
Nuffield Department of Popula+on Health, 

University of Oxford

feat. Alex Bowring
University of Oxford



Plan

• Effec%ve DF for Inference on Correla%on
– Afyouni, S., Smith, S. M., & Nichols, T. E. (2019). Effec?ve degrees of 

freedom of the Pearson’s correla?on coefficient under autocorrela?on. 
NeuroImage, 199, 609–625.

• Spa%al Confidence Sets
– Bowring, A., Telschow, F., Schwartzman, A., & Nichols, T. E. (2019). 

SpaKal confidence sets for raw effect size images. NeuroImage, 
203(September), 116187. 

– Bowring, A., Telschow, F. J. E., Schwartzman, A., & Nichols, T. E. (2021). 
Confidence Sets for Cohen’s d effect size images. NeuroImage, 
226(May 2020), 117477. 



So many correla-ons

• Typical graph theory applica/on
– Compute correla-on matrix, threshold
– Compute graph characteris-cs

• Degree
– Number of edges per node

• Betweeness
– ×��W�� !"#$%&'()*+,-./0123456789:;�ÿ���<=�>��?@ABCDEFGHIJ�KLMN�O

nodes
• Local Efficiency

– Measure of clustering
– Measures topological distance between two neighbours of a node

– Compute for each node, average over nodes
– Compare between popula-ons, or correlate with covariate

Rubinov & Sporns (2009). Complex network measures of brain connec?vity: Uses and interpreta?ons. NeuroImage, 52(3), 1059–1069.



Correla.ons
& Sample Size

• As every one knows,
more data, lower 
variance

𝜌 = 0: Var 𝑟 ≈ 1/𝑁
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Simulation

Generate length-N r.v. A,B,C ~N(0,1)

𝑋 = 𝐴 +
𝜌

1 − 𝜌𝐶

𝑌 = 𝐵 +
𝜌

1 − 𝜌
𝐶

r = corrcoef(X,Y)



Correla.ons
& true 𝜌

• And as every sta4s4cian 
knows, the more 
extreme correla4on, 
the, the lower variance

Var 𝑟 ≈ 1 − 𝜌" "/𝑁
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Fisher’s Transformed
Corr. & True 𝜌

• That’s why we use
Fisher’s Transforma4on

• Magically stabilises the 
variance

• Reduces skew, too
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Correla.on & 
Serial Correla.on
• However, what happens 

when respec4ve 
variables have temporal 
autocorrela4on?

• Very serious impact!
– Though s-ll roughly unbiased

• Does Fisher’s 
transforma4on help?
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Simula*on: A,B,C ~AR(1), unit marginal variance
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r = corrcoef(X,Y)



Fisher’s Trans. & 
Serial Correla.on
• Fisher’s Transforma4on 

reduces skew
• But variance remains 

dependent on severity 
of correla4on
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Are Neuroscientists Aware of the Issue?

• BartleG’s Theory

– Bartle<’s correc-on to 
asympto-c confidence 
intervals??

• ACF Integral

– ∫ 𝜌" 𝑘 𝑑𝑘? ?
– Or is that ∑/012 𝜌" 𝑘
– Or ∑/0322 𝜌" 𝑘
– And, *really*, all lags?

Fox, M. D., Snyder, A. Z., Vincent, J. L., Corbe9a, M., Van Essen, 
D. C., & Raichle, M. E. (2005). The human brain is intrinsically 
organized into dynamic, anKcorrelated funcKonal networks. 
PNAS, 102(27), 9673–9678.

Van Dijk, K. R. A., Hedden, T., Venkataraman, A., Evans, K. C., 
Lazar, S. W., & Buckner, R. L. (2010). Intrinsic funcKonal 
connecKvity as a tool for human connectomics: theory, 
properKes, and opKmizaKon. Journal of Neurophysiology, 
103(1), 297–321.



• Func.onal connec.vity, ROIs X and Y, rxy.

Fisher 1917

Variance of Sample Correla-on 
Coefficients

Bartlett 1935

Bartle1 1946

Clifford, Richardson & Hemon
1989

×��W�� !"#$%&'(

×��W�� !"#$%&'()*+,-./0



Fisher 1917

Effec.ve Degree of Freedom in 
Res.ng-state Func.onal Connec.vity

Bartle1 1935

Bartlett 1946

Clifford, Richardson & Hemon
1989

×��W�� !"#$%&'(

×��W�� !"#$%&'()*+,-./0

Assump.ons: 
Equal autocorrela.on in X & Y
Zero cross-correla.on 



Fisher 1917

Effec.ve Degree of Freedom in 
Res.ng-state Func.onal Connec.vity

Bartle1 1935

Bartlett 1946

Clifford, Richardson & Hemon
1989
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In pracDce ?

“integral across .me of the square of 
the autocorrela.on func.on”

“BartleG’s theory” 𝑁!" 1 + 25
#

$

𝜌%%,#'



Fisher 1917

Effec.ve Degree of Freedom in 
Res.ng-state Func.onal Connec.vity

Bartle1 1935

Bartle1 1946

Clifford, Richardson & Hemon
1989

×��W�� !"#$%&'(

Bailey & Hammersley (1946)

• Other more advanced results have followed
• Haven’t been used much in neuroimaging 
• And these assume 𝜌xy,i = 0 for all lags i
• Zero instantaneous (cross) correla-on (𝜌 = 𝜌xy,i = 0)
• Zero lagged cross-correla-on



Effective Degree of Freedom in 
Resting-state Functional Connectivity

• Simula%on approaches
– FSLNets:
• Assume all -me series share a common AR(1) structure
• Simulate
• Compute variance of simulated null correla-ons

Monte-Carlo SimulaUons (e.g. FSLNets)



xDF: Variance of r Accoun.ng for 
Auto- and cross-correla.on

Roy 1989

Roy. AsymptoDc covariance structure of serial correlaDons in mulDvariate Dme series. Biometrika, 76(4): 824–827, 1989.
Afyouni, Smith, Nichols (2019). EffecDve degrees of freedom of the Pearson’s correlaDon coefficient under autocorrelaDon. 
NeuroImage, 199(May), 609–625. 

“xDF”
Afyouni 2019



Fisher’s Z-scores?
• If you know/trust variance or Pearson’s, you 

can then get Fisher’s variance as:

• … and then make z-scores

• In terms of effective DF, you can calculate
eDF = 1 /

Recall iid var…

… reduces to usual result



How to es-mate the ACFs?
• To use Roy/xDF result we need

𝜌!!,# , 𝑘 = 1,… , 𝑁
𝜌$$,# , 𝑘 = 1,… , 𝑁
𝜌!$,# , 𝑘 = −𝑁,… ,𝑁

• Various rules of thumb
– Truncate at k=N/4, k=N/5
– Tapering, zero for k>M; M = 𝑁 or 2 𝑁

• All seem arbitrary, so we proposed
– Test 𝐻!: 𝜌"",$ = 0 at 5% uncorrected, k=1,2,…
– First non-significant test 𝑘!; set 𝜌"",$ = 0, 𝑘 ≥ 𝑘!
– Repeat for 𝜌%%
– For 𝜌"%, use the larger 𝑘! from either of 𝜌"" and 𝜌%%



But Does Autocorrela.on Vary Much?
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Monte-Carlo Simula0ons: Bias of 𝑉( #𝜌), 
Non-null 𝜌 & various ACFs
Se#ngs
T=100
T=1200

Equal &
Unequal
ACFs

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

A

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

B C

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

D

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

A

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

B C

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

D

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

A

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

B C

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

D

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

A

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

B C

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

D

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

Bartle1 1935 ×��W�� !"#$%&'(
Bailey & Hammersley (1946) 

Clifford, et al. 1989

All methods go off the 
rails as 𝜌 grows

Not surprising as all 
assume 𝜌 = 0… 

Even with W-W
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A

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
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-30

-10
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30
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W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
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W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30
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W - AR1

W - AR4

AR1 - AR4

W - AR14

AR1 - AR14

AR4 - AR14

W - AR20

AR1 - AR20

AR4 - AR20

AR14 - AR20

W - AR30

AR1 - AR30

AR4 - AR30

AR14 - AR30

AR20 - AR30

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14

AR20 - AR20

AR30 - AR30
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0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

B C

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50
0 .2 .5 .7 .9

-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

D

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

0 .2 .5 .7 .9
-50

-30

-10

10

30

50

A

0 .2 .5 .7 .9
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0 .2 .5 .7 .9
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W - W

AR1 - AR1

AR4 - AR4

AR14 - AR14
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Monte-Carlo Simula0ons: Bias of 𝑉( #𝜌), 
Non-null 𝜌 & various ACFs
Se#ngs
T=100
T=1200

Equal &
Unequal
ACFs

All methods go off the 
rails as 𝜌 grows

Not surprising as all 
assume 𝜌 = 0… 

Even with W-W

xDF



Why do Bartlett &co do so bad even for 
White-White Simulations? 

•Aliasing
•Product of 
ACFs is 
aliased with 
square of the 
correla%on!

𝜌77,/𝜌99,/ =3
:

𝑥:𝑥:;< × 𝑦:𝑦:;<

=3
:

𝑥:𝑦: × 𝑥:;<𝑦:;<

𝐸(𝜌77,/𝜌99,/) =3
:

𝐸(𝑥:𝑦:) × 𝐸(𝑥:;<𝑦:;<)

=3
:

𝜌79,=" =3
:

𝜌"
Bartle1 1935 Bartle1 1946

Clifford et al (1989), Bailey & Hammersley (1946) 
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• Only xDF controls FPR under all sePngs considered

Null Evalua(ons

Null Real Data 
Intersubject Scrambling

Null Simulated Data 
True correla?on set from data
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Null is true!

Yet huge Z’s 
observed!



Topological Measures: Naïve vs xDF maDers

A Local	- CE B Local	- FDR

D												Global- CE C										Global- FDR
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• Thresholding naïve 
r/Z gives very 
different results

• Discipline must 
decide: What is the 
‘right’ measure of 
connectivity 
strength?

• r?
• Z (SNR)

• (HCP U100)



Toolbox & Reproducibility

– xDF:
• h>ps://github.com/asoroosh/xDF

https://github.com/asoroosh/xDF


xDF Take Aways

• Var of r=corr(X,Y) & atanh(r) depends on
(1) Autocorr(X), (2) Autocorr(Y) & (3) Crosscorr(X,Y)

• Impact of Autocorrela%on on Correla%on
– Underappreciated in neuroscience
– BeGer methods, repor4ng of methods needed

• If don’t need inference, r or atanh(r) is fine
• If need z-scores
– Must use Roy/xDF stderrs
– But appreciate varia4on in stderrs & diff from r



Spatial Confidence Sets for Raw Effect Size 
Images
Beyond Null Hypothesis Testing of Cluster 
Size
Alex Bowring, Fabian Telschow, Armin 
Schwarzman, Thomas Nichols
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Background

2



The Fallacy of the Null 
Hypothesis

5.16

150

45

▷ UK Biobank
○ Faces - Shapes
○ N = 8569

▷ Thresholded t-statistic
○ pFWE < 0.05  

(Bonferroni)



Spatial Confidence Sets
7

▷ With enough statistical power, can 
always reject null

▷ Solution:
○ Stop testing, start estimating non-zero effects (%BOLD change)

○ Univariate: Point estimate + confidence interval

○ Multivariate: Cluster + spatial Confidence Set 
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Spatial Confidence Sets 
Method
▷ Method Conceived by Sommerfeld, Sain, Schwartzman (2015)

○ Used for geospatial data
○ Regions in the USA at risk of climate change, c = 2℃

Spatial confidents sets estimating
2℃ temperature change

Year-on-year temperature data

Sommerfeld, Sain, Schwartzman (2018). Confidence Regions for Spatial Excursion Sets From Repeated Random Field 
Observations, With an Application to Climate. JASA, 113(523), 1327–1340.
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Spatial Confidents Sets estimating
1% BOLD change

fMRI subject-level data

Spatial Confidence Sets 
Method
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Confidence Sets
Interpreting the Confidence Sets for a 

c = 1.0% BOLD change

YELLOW VOXELS (Overlapped by red)
Obtained by thresholding the data at 1.0%
The best guess from your data voxels where %BOLD > 
1.0%

RED VOXELS
The Upper Confidence Set
We are 95% confident over the whole brain 
these voxels have a true %BOLD > 1.0%

BLUES VOXELS (Overlapped by yellow + red) 
The Lower Confidence Set
We are 95% confident over the whole brain that 
voxels outside this set (background voxels) have 
a true %BOLD < 1.0%
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A 1D Intuition
Signal + Noise Model

Yi(s) = μ(s) + εi(s)          i = 1, …, N
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A 1D Intuition
Signal + Noise Model

Yi(s) = μ(s) + εi(s)          i = 1, …, N

Observed
Group
%BOLD
Activation

Location

ū(s)μ
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A 1D Intuition

Threshold
c = 1%

Location

ū(s)μ

Signal + Noise Model
Yi(s) = μ(s) + εi(s)          i = 1, …, N

Observed
Group
%BOLD
Activation
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A 1D Intuition

Threshold
c = 1% c − δ

c + δ

Location

ū(s)μ

Signal + Noise Model
Yi(s) = μ(s) + εi(s)          i = 1, …, N

Observed
Group
%BOLD
Activation
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A 1D Intuition

Threshold
c = 1% c − δ

c + δ

Location

ū(s)μ

Signal + Noise Model
Yi(s) = μ(s) + εi(s)          i = 1, …, N

Observed
Group
%BOLD
Activation

Estimate the max distribution of ε(s) on the boundary ū(s) = 1% BOLDμ
▷ Bootstrap the residuals along the boundary

Compute δ using the 95%-ile of the max distribution of ε(s)



▷ Compute each subjects residual field on the boundary
○ (R1(s), …, RN(s)) = R(s) = Y(s) -

▷ Standardize the residuals to have unit variance
○ R̅(s) = √N R(s) /𝝈 ̅(s)

▷ Multiply each R̅i(s) by a Rademacher random variable ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of ε(s) with the field:
G̅(s) = 1/N × ∑ri(s)R̅i(s)
○ Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

The Wild Bootstrap Scheme

16

ū(s) = 1% BOLDμ
ū(s)μ



Simulations and
Further Developments

17

▷ In simulating the Confidence Sets, we 
discovered some hiccups with the 
method



Upper Conf. Set ⊂ {True Signal > 2} ⊂ Lower Conf. Set
18

Simulation Set-up
▷ Number of Subjects (N) = 60, 120, 240, 480

▷ Number of Realisations = 3000

▷ True Signal
○ Circle, magnitude 3, radius 30
○ 3mm Gaussian FWHM

▷ Noise εi(s):
○ Homogeneous Gaussian Noise
○ 3mm Gaussian FWHM 

▷ Threshold c = 2

▷ Confidence 1 - 𝛼 = 80%, 90%, 95%

u(s):μ
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Results A

Coverage reduced using new simulation 
assessment!

Asymptotic nominal coverage, can we do better 
for small samples?



▷ Compute each subjects residual field on the boundary
○ (R1(s), …, RN(s)) = R(s) = Y(s) -

▷ Standardize the residuals to have unit variance
○ R̅(s) = √N R(s) /𝝈 ̅(s)

▷ Multiply each R̅i(s) by a Rademacher random variable ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of ε(s) with the field:
G̅(s) = 1/N × ∑ri(s)R̅i(s)
○ Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

The Wild Bootstrap Scheme
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ū(s) = 1% BOLDμ
ū(s)μ



▷ Compute each subjects residual field on the boundary
○ (R1(s), …, RN(s)) = R(s) = Y(s) -

▷ Standardize the residuals to have unit variance
○ R̅(s) = √N R(s) /𝝈 ̅(s)

▷ Multiply each R̅i(s) by a Rademacher random variable ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of ε(s) with the field:
G̅(s) = 1/N * ∑ri(s)R̅i(s)
○ Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

The Wild Bootstrap Scheme
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ū(s) = 1% BOLDμ
ū(s)μ

Asymptotically Gaussian
But t-distributed for finite N



▷ Compute each subjects residual field on the boundary
○ (R1(s), …, RN(s)) = R(s) = Y(s) -

▷ Standardize the residuals to have unit variance
○ R̅(s) = √N R(s) /𝝈 ̅(s)

▷ Multiply each R̅i(s) by a Rademacher random variable ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of ε(s) with the field:
G̅(s) = 1/N * ∑ri(s)R̅i(s)
○ Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

The Wild Bootstrap Scheme
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ū(s) = 1% BOLDμ
ū(s)μ



▷ Compute each subjects residual field on the boundary
○ (R1(s), …, RN(s)) = R(s) = Y(s) -

▷ Standardize the residuals to have unit variance
○ R̅(s) = √N R(s) /𝝈 ̅(s)

▷ Multiply each R̅i(s) by a Rademacher random variable ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of ε(s) with the field:
G̅(s) = 1/N * ∑ri(s)R̅i(s)
○ Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

The Wild Bootstrap Scheme

28

ū(s) = 1% BOLDμ
ū(s)μ

Conditional on R̅, 
G̅ is Gaussian 



▷ Compute each subjects residual field on the boundary
○ (R1(s), …, RN(s)) = R(s) = Y(s) -

▷ Standardize the residuals to have unit variance
○ R̅(s) = √N R(s) /𝝈 ̅(s)

▷ Multiply each R̅i(s) by a Rademacher random variable ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of ε(s) with the field:
G̅(s) = 1/N * ∑ri(s)R̅i(s) / 𝝈 ̅*(s)
○ Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

The Wild Bootstrap Scheme

28

ū(s) = 1% BOLDμ
ū(s)μ

Conditional on R̅, 
G̅ is Gaussian 
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Results B



Real Data demonstration

43

▷ We obtain Confidence Sets for 
80 subjects %BOLD data from the
Human Connectome Project



Human Connectome Project

44

▷ 80 Subjects

▷ Working Memory Task:
○ Participants presented with pics of places, tools, 

faces, body parts:

○ 2-back Task
■ Press button when you saw same image 2 

stimuli ago
○ 0-back Task

■ Press button when you see a particular image

▷ Two runs, Eight task blocks (25 seconds per block)

▷ We obtain Confidence Sets on subject-level %BOLD 
maps contrasting 2-back vs 0-back tasks
○ Inference on 1.0% and 2.0% BOLD change



Results

45

1.0%
BOLD change



Results

51

2.0%
BOLD change



Results

53

1.0%
BOLD change

vs
Voxelwise 

p<0.05 FWE 
(permutation

)
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From %BOLD to Cohen’s d
Signal + Noise Model

Yi(s) = μ(s) + εi(s)          i = 1, …, N

%BOLD: Inference on μ(s)

Cohen’s d: Inference on d(s) = μ(s)/𝝈(s)
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From %BOLD to Cohen’s d

Ramp of signal μ(s) from 0 to 10
(Each subject, signal + noise of 

variance 1 everywhere, so μ = d)
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From %BOLD to Cohen’s d
For N = 60

ū(s)μ ū(s)/𝝈 ̅(s)μ



▷ ~ N(μ,𝝈/√N)

▷ Cohen’s d estimator can be written:

From RHS,      distributed by 1/√N times a 
noncentral-t distribution with noncentrality
parameter √N × μ/𝝈 and N - 1 degrees of freedom

From %BOLD to Cohen’s d
What’s going on?

ūμ
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is noncentral t-distributed, with  
expectation:

So…
Expectation of     is μ

But expectation of             is             

From %BOLD to Cohen’s d
Moments of the Cohen’s d estimator

ūμ
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is noncentral t-distributed, variance:

NOTE
Variance is dependent on the effect size:
Larger effect size -> Larger variance

From %BOLD to Cohen’s d
Moments of the Cohen’s d estimator

102
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From %BOLD to Cohen’s d

ū(s)μ ū(s)/𝝈 ̅(s)μ

Constant 
Variance

Increasing Variance



A Covariance problem

Signal + Noise Model
Yi(s) = μ(s) + εi(s)          i = 1, …, N

Cov[ε(s), ε(t)] = 𝝈(s)𝝈(t)

Where           is the correlation between the 
observations at voxels s and t.
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A Covariance problem
Multivariate Central limit theorem: 

With covariance matrix:
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A Covariance problem
Applying the delta method, with g(x, y) = x/√y :

With covariance matrix:

Asymptotic covariance of estimated 
Cohen’s d field
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▷ Compute each subjects residual field on the boundary
○ (R1(s), …, RN(s)) = R(s) = Y(s) -

▷ Standardize the residuals to have unit variance
○ R̅(s) = √N R(s) /𝝈 ̅(s)

▷ Multiply each R̅i(s) by a Rademacher random variable ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of ε(s) with the field:
G̅(s) = 1/N * ∑ri(s)R̅i(s) 
Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

The Wild Bootstrap Scheme: 
𝜇 ū(s) = 1% BOLDμ

ū(s)μ
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▷ Compute each subjects residual field on the boundary
○ (R1(s), …, RN(s)) = R(s) = (Y(s) - )/𝝈 ̅(s)

▷ Standardize the residuals to have unit variance
○ R̅(s) = √N R(s) /𝝈 ̅(s)

▷ Multiply each R̅i(s) by a Rademacher random variable ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of ε(s) with the field:
G̅(s) = 1/N * ∑ri(s)R̅i(s)
○ Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

The Wild Bootstrap Scheme: 
d

28

(s) = 
ū(s)μ
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▷ Compute each subjects residual field on the boundary
○ (R1(s), …, RN(s)) = R(s) = Y(s) -

▷ Standardize the residuals to have unit variance
○ R̅(s) = √N R(s) /𝝈 ̅(s)

▷ Multiply each R̅i(s) by a Rademacher random variable ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of ε(s) with the field:
G̅(s) = 1/N * ∑ri(s)R̅i(s) 
Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

The Wild Bootstrap Scheme

28

ū(s) = 1% BOLDμ
ū(s)μ
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A Covariance problem

<

Asymptotic covar. of bootstrap residuals is wrong!
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The Taylor Expansion Trick
Inspired by the delta method, take a first order 
Taylor expansion of g(x, y) = x/√y about (  ,𝝈 ̅), 
approximate the residuals as:

ūμ
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The Taylor Expansion Trick
For

We can show,

In particular

I.e. mean zero residuals, with correct 
covariance! 112



Skew of the noncentral t

fixed degrees of freedom, increasing ncp fixed ncp, increasing degrees of freedom

Noncentral t more skew for large NCP, small DOF
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Construction of the Conf. 
Sets

%BOLD: {         } ū μ(s)  > c + δ {         } ū μ(s)  > c - δ

Upper Conf. Set Lower Conf. Set

Cohen’s d: {               
} 

>                       + δ

Symmetric construction… but Cohen’s d is skew

114

{               
} 

>                       - δ



Normalizing the noncentral 
t

Laubscher (1960)

Suggests arsinh transformation to reduce skew 115



Normalizing the noncentral 
t

Laubscher’s Machinery

Applying the Laubscher machinery to the non 
central t-distributed variable             , we obtain

is approximately N(0,1), for      and  
constants depending on N
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Construction of the Conf. 
Sets

Upper Conf. Set Lower Conf. Set

By monotonicity of 
the transformation
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Cohen’s d: {               
} 

>                       + δ {               
} 

>                       - δ



▷ Compute each subject’s Taylor residuals        on the boundary      = c 
by doing a first-order Taylor expansion of the normalizing function

about the point         

▷ Multiply each Taylor residual Ri(s) by a Rademacher random variable 
ri(s)
○ ri(s) = +1 or -1 with probability 0.5

▷ Estimate the distribution of the normalized noise  with the field:
G̅(s) = 1/N * ∑ri(s)Ri(s) / 𝝈 ̅*(s)
○ Obtain one estimate of the maximum m = max[G̅(s)]

▷ Repeat steps 3 and 4 many times to obtain many copies G̅1(s), …, G̅B(s) 
and construct the empirical max distribution m1, …, mB

○ Compute  δ by calculating the 95%-ile of the mi

▷ Construct Confidence Sets in the standardized space

The Wild Bootstrap Scheme
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3D Simulations

80

Signal 

Small Sphere

Large Sphere

Multi Sphere

UK Biobank 
Mean

Homo- and 
Heterogeneous 

Noise

Heterogeneous 
Noise

(UK Biobank 
Variance)

Noise 
In all simulations, inference on where d > 0.8



3D Simulation Results
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Small Sphere



Large Sphere

3D Simulation Results

82



Multi Sphere

3D Simulation Results
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UK Biobank
Cohen’s d

3D Simulation Results
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Human Connectome Project

85

▷ 80 Subjects

▷ Working Memory Task:
○ Participants presented with pics of places, tools, 

faces, body parts:

○ 2-back Task
■ Press button when you saw same image 2 

stimuli ago
○ 0-back Task

■ Press button when you see a particular image

▷ Two runs, Eight task blocks (25 seconds per block)

▷ We obtain Confidence Sets on subject-level Cohen’s d 
maps contrasting 2-back vs 0-back tasks
○ Inference on 0.5, 0.8 and 1.2 Cohen’s d effect size
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Results
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Results



Confidence Set Conclusion

54

▷ Standard fMRI t-statistic inference procedures:
○ Do not account for spatial variation of the results
○ For large N, universal activation

▷ Confidence sets provide inference on non-zero effect sizes
○ Localization of regions we are 95% confident have 

exceeded a positive meaningful %BOLD threshold

▷ We have proposed theoretical and practical advancements 
to the original method
○ Rademacher variables, wild t-bootstrap method
○ Interpolation method for obtaining boundary + 

assessing simulations
○ For Cohen’s d

○ Modified residuals to match Bootstrapped spatial 
ACF

○ Transformation to reduce skew


